
PHY456 Lecture 4:

Classical Rotations, Group Theory,

OnentrmRotatievienableite
such thatthe equations of motion are left

invariant.

· Time (El · Galilean boosts

· Space (P)

· Rotation (M)

Thislecture:rotations in IRY and 42; inversiance under

:-> is(vi) gives rise to angular momentum

conservation.
CM

(2) =

Tralee men length
It'=151.



&(3):group of matrices det(M): 1 and 3x3 orthogonal.

↑"special (det=1) Orthogonal (0T0=11) 3x3 (metrix)"

In CM:rotation around E axis by angle <

I(2) -(2):nini) ()
For small X, can approximate

find ini)-I. i)
this (ii) -1) ()

=(2) -()
=(2) +- (22 - x) ()

=x +2(2x - x))(2) +a(2

Any rotation on finite x =M / rotations on infinitesimal ones)

Recall et = am( E), here



wim(1(3Ex-x) =

ex-E
↓
y - x, "generatetation

=>rotation on finite & along 2
=ex15Ex-x2)
=1+x)) +E2)+...)

We say rotations (around I) are grated by the action of

jEx-xot; meaning, apply a small rotation infinitely

many times sets a finite rotation.

QM the operator X,2 -x X -X
on position,

- , y +y Notethe
unit

Here 3Ex-x- (x-xal
-> (*4 - y5x) == } angular momentum

operator.

Similarly: 24 =y - zy

I =
2Px - xP=

Ez =YB - Yx



We may define Li =Gxen Yu Pr

** = +I? +I

Acommutation/Eigenstates:

· We can only measure (and one II ata time

(the I's don'tcommute- as we'll seel

(i,[j] =L:[j-E;[:

-...

=i Eijk [

We generally choon II to be the operator commuting with

I

Since Iwon'tcommute, we can define

[1 =[x =i z

as "raising/lowering" operators for angular momentum,

in such a way that

[2(1,m3 =tr(e+1) (l,m)
& =0,1,2, ...

(1cx")
E 1e,m) =hm/R, m) M = - l, . .

.,
l



+ 1e,m) =teem(m+)/1, m+1)

-/e,m) =temcm-1l 11,M-K

THUS, for a given 1:there are 22+1 states

12,13-
t

"E
1, -
GE-t

2et1 11,0
(1, -1+1) -

Ie,-e)-

Let's now consider a rotation in 3D about an arbitrary axis

n by an angle 2. :axis
a1.
:angle

Let RK, i) e-in. I

~1- in.It...
notethe minus sign...



Spinless particle:scalar waveforation.

Let R be a rotation and to be the pointA.

In=RA sin**x
↑scalar =>4'r') =4(r)

so 4'(E) =4(R")

=

- izx(r)

Spin-t (Fermion) Particle:"Spinor" warefunction (2-componentin URAM,

4-component 'bispinor' in RGM)

Spin-1 (Vector) Particle:rector wavefunction

I
and so on...

(Back to rotations ...)

-> For 1=1: there are three rotation states

11,17 I(,n) mixes these states among

11.0) I each other in a manner thatcan be

11,-17 determined from the above information.



IN GENERAL:for any 16T", there are 2CH states which

mix' with each other under rotations (rotations do not

change 1, so different e's do not mix... we say

[1e,m):m=- e, ..., l) transform "irreducibly"under

rotations, in that there isno subsetof 20t

States thatis closed under rotations).

For any
IED there Ia rotation R

such thatI,m) I 11,m') for any

m, m'c [-e,
-et, ..., 1-1, 13.

*These 21+1 States (0, 3,5,7, ...) are said to

be the "irreducible unitary representations of SO23)":

any rotation of RRP is"represented"by a

(21+1) x(2011) - dimensional unitary matrix;the product of

two rotations is represented by the productof matrices;

the inverse rotation is the inverse matrix,...



But in QM, things change:

F, p -> operators , I acting in Hilbertspace I

-> the space of states ofa physical system,

which is complex (4, K2, ...)

"Spin"or "Intrinsicangular momenture"arises became

of a fundamental relation between "rotations"of IR" and

"rotations"of a 2-dimensional complex space (2.

⑫2 Algebra

Let z,z224. Define two vector (2) = (22), IE)= (E).

Ten (EIz) =E,z, +Ezzz = (E,E) (E2) Inner Product

and (Ei) -er(2); (E) (E)

if liter =Hexe inner productis preserved.

· He belongs in the group of 2x2 unitary matrices with def(n):1

called SM(2)

Whatdoes thishave to do with anything regarding rotations in IRP?



Consider the space of termitiantraceless matrices.

A = (*) a general a matrix, abcd eD.

*

tr(A) =0 =>d=-d.

->A= (= =).

*

A=A =(= E) =(i)

=>a =a;b =c

Can be resolved via A: (Fig a") (a,f,geR]

Expand:

A =a(di) +f(ii) -z):)
which is true FAGMatexi (42;tr =0).

with basisvectors ( (0), (ii),(:]

· Yields Paulimatrices o =(0 =1) Basis in 3D space

on
=(ii) 3 of 2x2 Hermitian

traceless matrices.

--(ii)

and denote o
=( a,, 02, is) collectively.



· Then, as before, Ea =a,0, +dz0z +dy0z

a
di

e
e

- I I 1

In particular, let at. We can take a =x =(X,1,2) or (X,,x2,x3),...

and consider the map

YI" ot X.*t(raceletemits
- ix*.

Properties: ("tr(X.E) =0 (obviously)

127 def(X.0) = - 14 (sometimes people consider the quaternion
:X. -> det(ix) =(x)

13)
or: Afew i= 1, 2,3.

Consider now the following transformation with an arbitrary e-SU(2):

Y.-4 X.Ext.

Thistransformation preserves both trace and determinant of x.8:

· tr(ex.xt) =tr(u+x.0) =0
· det(nut) =det(Y)'dett) det (X.)



which implies

X.E - UX.Ent =Y.

INY:I*P

and furthermore, the dependence of Yon is near, so itmust

be thatX.8 -> Y.* =2.Entisa rotation of RP when

expressed as a transformation on X. Since any rotation preserve

length.

How tosee: coust.

I matrix

en

*xdwa =
2, xyloset (n =su(z)

b=1
a=1

omitsums
from now on.

Since Mojecthas zero tracesis Hermitian, itmustbe

a liner combination of O's (chanse of basis) so we say

that Mojet = Rba where Rbe is real.
sum a implied
Rba:"Change of

basis rotation"

So we have

XdOu =xMoynt

=X4Rbcc

->Xa:Rabos index change.



Furthermore eight =RbcOc

missionrices
obey the algebrae

OnEr= Sab1+ itabac; a,b=1,2,3.

which implics tr(ancs) = baxtr(1);(tr(0) =0]

-END DIGRESSION.

We can express Rbe as follows:

Robert: Rae => Nogator:Raoa

=>trmigeton) =tr (Rm0,0)

=Rae tr(0,or)

=Rue. 2 Sad

- 2Rbc.

This immediates implice Ron =E fo (Mobod)
↑

So(3) serices
Matrix



Claims:0 FxtSU12), JRESO(3)

& U and -2 =SUC2) gives rise tosame ReSO(3).

SUCI) is "universal cover"of S013).

·All rotations in 3DRP can also be described by using "rotations"bu

is in R2.

*The description is not unique in the sense that VR -e,-n give

rise to same R.

Since QM operates in D-Hilbert span, we can ask:

If we have wavefunctions like le,m) m/ lex:

which transform as (say, 1=1) 3x3 matrices under rotation,

the structure of 3Dspace allows us to have wave

functions thattransform like

(E) ona - (Ei)+R

4signinirratanene

As usual in QM, if something is allowed by symmetrics, itexists.

Since warefunctions like (E)--e(E2) under 3D



rotations are permitted, they were found to exist.


